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The question of the influence of gyroscopic forces on the stability of steady-state
motion of a holonomic mechanical system when the forces depend upon the ve-
locities of only the position coordinates was answered by the Kelvin-Chetaev
theorems [1] on the influence of gyroscopic and dissipative forces on the stabi-
lity of equilibrium. However, if the gyroscopic forces depend as well on the ve-
locities of the ignorable coordinates, then their influence on the stability of
steady-state motions can, as the two problems in [2] show, prove to be entirely
different from the influence of gyroscopic forces depending only on the veloci-
ties of the position coordinates. In this paper we investigate the influence of
gyroscopic forces depending linearly on the velocities of the generalized coor-
dinates, including the ignorable ones, on the stability of the steady-state motion
of a holonomic conservative system. We prove that when the gyroscopic forces
applied with respect to the ignorable coordinates are given as total time deriva-~
tives of certain functions of the position coordinates, the gyroscopic forces can
both stabilize as well as destabilize the steady-state motion. Under certain con-
ditions, this influence is also preserved for the action of dissipative forces depen-
ding on the velocities of only the position coordinates. In the case of action of
dissipative forces depending also on the velocities of the ignorable coordinates,
we have indicated the stability and instability conditions of the steady-state
motion, Examples are considered., In conclusion, we discuss the conditions under
which the application of gyroscopic forces to the system is equivalent to adding
terms depending linearly on the generalized velocities to the Lagrange function.

1. We consider a holonomic system with geometric constraints, If the independent
Lagrange coordinates g, and velocities q;° = dg;/dt are taken as the basic variables
characterizing the system's state at any instant /, then the system's equations of mo-
tion can be written as the Lagrange equations

d 9L oL .
—a—t——aq—.t-—Tq::Q-, (l=1,...,n) (1-1)
L] - 1 n ® [ ]
Lig.q)=T+U, T(0¢)=—5 X a9 et
1,j=1

Here T is the kinetic energy, U (g) is the force function of the potential forces acting
on the system, (,; (g, ") are nonpotential generalized forces. We assume furtherthat
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the coordinates g, are ignorable, i.e. the conditions
aLl8g, = 0 (a=k+1,...,n) (1.2)

are satisfied and, in addition, the generalized forces @, are independent of the ignorable
coordinates. If the nonpotential forces corresponding to the ignorable coordinates, Q, =
0, then Egs. (1.1) have the first integrals

0L/8gq," = ca = cODSt (@ =k +14,...,n) (1.3)

By using integrals (1. 3) and applying Routh's method for disregarding the ignorable co~
ordinates, the study of the system's motion can be reduced [1] to the integration of a
system of 2 (n — k) th-order Routh equations describing the motion of the so-called
reduced system, which we call system A, and to subsequent quadratures,

When all the nonpotential forces Q; = 0 (i = 1,. .., n),under conditions (1.2)
and under specified initial conditions Egs, (1. 1) admit of the particular solutions

s = Gsor 9s = 0y 9a'=qa0 (s=1,..., k0 =k+1,...,n) (1.4)

describing the system's steady~state motion, in which the position coordinates g, and the
velocities g, of the ignorable coordinates retain constant values, while the ignorable
coordinates ¢, vary linearly with time, Constants(1.4) are the solutions of the equations

8Lldg, =0 (s=1,...,k) (1.5)

and (1. 3) under arbitrarily specified values of constants ¢,. The constants g,," alsocan
be given arbitrarily; then, allowing for the equalities g,’=0 |, from Egs, (1. 5) we find
the values of g,q, while from Egs. (1. 3), the values of ¢,.

The stability of the steady-state motions can be determined by Routh’s theorem and
its generalization [3]. An interesting question is that of the influence on the stability
of the system’'s steady-state motions (1.4) of the gyroscopic forces

n

Qi:Z gﬁ‘qi' (i=1,...,7) (1.6)
=1

applied to the system in addition to the potential forces acting on it. The quantities
gi; = — &ji are assumed to be continuous functions of the position coordinates ¢y,

« « -y Qg possessing continuous first-order partial derivatives in these variables, If for-
ces (1, 6) do not depend upon the velocities g, of the ignorable coordinates, i, e, all
gio=00(=1,..., n,a=k+1,..., n), then the forces Q, = 0 (@ =
£+ 1,..., n). Inthis case the influence of the gyroscopic forces on the stability
of motion (1. 4) is completely characterized by the Kelvin-Chetaev theorem [1] on the
influence of such forces on the stability of the equilibrium position of the reduced sys-
tem, corresponding to the steady-state motion of the original system.

In the case of gyroscopic forces depending on ¢,°, some of the coefficients g,; are
nonzero, so that the force Qu == 0 and the first integral (1. 3) does not correspond to
the coordinate ¢ . This case, when the Kelvin~Chetaev theorem is not directly appli-
cable, has not been investigated in the literature ; meanwhile, the influence of such for-
ces on the steady~state motions’ stability can turn out to be entirely different from that
of the gyroscopic forces depending on the velocities ¢,” of only the position coordinates
[2]. Further on we examine this problem, first, under the assumption that the gyroscopic
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forces (), applied to the system along its ignorable coordinates are given as df,/di ,
i.e. astotal time derivatives of certain continuous functions f, (g;, . . . ,7g;). possess-
ing first- and second~order partial derivatives in the position coordinates ¢, (8 = 1,

- -+, k), and next, for the more general case of forces (1. 6).

2., We investigate the influence of gyroscopic forces (1. 6) on the stability of some
steady-state motion (1. 4), assuming that the coefficients

Bus = — fsa = 0fal04,, 823 =0 (s=1,... K aB=k+1,...,n) (2.1)
and on the steady-state motion being examined we suppress
Bo (Gror -+ o5 G0} =0 (s=1,...,ma=k+1,...,n) (2.2)

Under conditions (2, 2), obviously, Eqs. (1. 1) with right-hand sides (1. 6) also admit of
the solution (1. 4) being examined, However, instead of the integrals (1. 3),Eqgs. (1. 1)
under conditions (1.2) and forces (1. 6) and (2. 1) now have the first integrals

OLIdgy" = fa (@s) +ca (a=k+1,...,n) 2.3)
Solving Eqgs, (2. 3) relative to ¢,°, we find

n k
g = D baylfrte)— Dals' @=k+1,..m) (2.9
y=k+1 =1 n
A, n L .
ba'r — ——D\:— , D = det (aa-y)l-i-ls Yaj = r=§k}+l b‘fa”

Ays is the cofactor of element g, in determinant D. From formulas (2.4) we see
that when [, (g,0)5=0 the values of gao" differ from the corresponding values of
Za0 in the absence of forces (1. 6) for like values of constants ¢, in both cases and,
conversely, different values of constants ¢, comespond to like values of Gao .

Let us consider the function defined by the equality

R(gy 85 ) =L— D qa" (fa+ ¢a) (2.5)

a==k-}-1
in whose right-hand side ¢°, can be replaced by expressions (2.4). Function (2.5) isa
Routh fanction [1Jif f, =0 .
It is easy to see that the equalities

n
aL R . 9a 9L __ @R «_ @8R
dg, o 9q, + a=§+l b oq, ’ 9g; - 8, e = e, (2.6)

(s=1,...k a=k+1,..,h)
are valid and, thus, the first & of Eqs.(1. 1) with right-hand sides (1. 6) beoome

Ty T ag, T =t (2.7
where, considering (2. 1), the gyroscopic forces
n k
. 9 .
Q=0+ 2 a'55= Dgul’ G=1,...,8 (2.8)
s

a=k-1 7=l
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We can investigate the system of Eqgs. (2. 7) independently of the remaining n — k
equations in (1.1). After the integrations of Egs, (2. 7) the variables g, are found asquad-
ratures from the last group of Egs. (2. 6).

Let us consider the structure of Egs. (2. 7). We see that the function (2. 5)

R:R2+RI+R0

k n
1 C
Ry = 5 2 A *q gy, 0¥ = a,, — 2 bavylarlys

8, r=1 a,y=k-+1
Kk n n
Ri=30 D Talfatca) Bo=U —5 2 balfat callfrtes)
g=] a=k-+1 a,y==k-41

Using these equalities we rewrite Eq. (2.7) as

K
d 3R R AR .
T Bq; T dq, x_“aqs_["Z(rsr"*"gsr)Qr (s=1,...,k (2.9)

r==1

Here for brevity we have introduced the notation

e, = S (e e fo Yo,
I‘sr““ “rrs —a=2k+l[(‘5;;"——a“§;">(fm+ca)+ "b‘;:'(ur aqr h:s]
(5,7 =1,2,...k)

The system with & degrees of freedom, characterized by the Lagrange function (2. 5)
and forces (2, 8), is called reduced system B corresponding to the original system with
n degrees of freedom and characterized by the Lagrange function L and the gyroscopic
forces (1. 6) and (2. 1), Allowing for equalities (2. 6) and (2. 2), it is evident that the
equilibrium position g, == g4 of reduced system B (and also of system A4) corresponds
to the steady~state motion (1. 4) being examined of the original system.

From Eqs. (2. 9) we see that the reduced system B is being acted upon by potential
(the first summand on the right-hand side of (2. 9)) and gyroscopic (the remaining sum-~
mands) forces, whereas the potential forces dU/dg; and the gyroscopic forces (1. 6) and
(2.1) act on the original system. Thus, the application of gyroscopic forces (1. 6) and
(2. 1) to the original system results in potential and gyroscopic forces, additional in com-
parison with reduced system 4 ,acting on reduced system B . As we see from the ex-
pressions for Rgand I';;, these additional forces depend upon the functions fo (¢1,- - - »
gx) defining the gyroscopic forces (J, applied to the original system along the ignora~
ble coordinates and upon the gyroscopic forces (2, 8). Equations (2. 7) have the energy

integral H (g, ¢) = R, — R, = const

equivalent, in light of (2. 4), to the energy integral for Eqgs. (1.1) with right-hand sides
(1.6).

To investigate the stability of the equilibrium position of reduced system B (4) the
Lagrange theorem and the inverse of the Routh theorem, as well as the Kelvin-Chetaev
theorem on the influence of gyroscopic and dissipative forces are applicable if the lat-
ter depend on the velocities g, of the position coordinates only. By comparing the
expressions for the part R, of function (2, 5) for the reduced systems A and B it is
easy to see that their difference with like values of constants ¢, is
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5 2 bus (afs + 2faca)
a.p

i.e. is a sum of a linear and a quadratic form in f, . Hence it follows that by a suitable
choice of functions fq(gy,. - ., Gx) the function R, for system B can be made to
have any sign regardless of the sign of the function R, for system A. An analogous in-
ference is valid in the case of like values of g,,". On the basis of the Lagrange theorem
and the inverse of the Routh theorem,as well as of the Kelvin-Chetaey theorems, we con-
clude that the gyroscopic forces (1. 6) and (2. 1) can have both a stabilizing as well as a
destabilizing influence on the steady-state motion (1. 4) of the original system, indepen-
dently of the parity of the degree of stability of reduced system A.

Thus, under known conditions the steady-state motion (1.4) of the original system,
unstable (stable) under the action of potential forces, can be stabilized (destabilized) or
can be made to remain unstable (stable) by applying suitable gyroscopic forces (1, 6) and
(2.1) to the system. When dissipative forces, depending. on the velocities g," of only the
position coordinates act on the system, such gyroscopic stabilization is preserved (des-
troyed) if the function R, for system B has an isolated maximum (does not have a
maximum and the degree of instability of system B is even); if R, does not have a
maximum and the degree of stability is odd, the steady-state motion remains unstable.
If Rqhas a maximum and the dissipative forces act with dissipation total with respect
to g, (s =1,..., k) ,the perturbed motions asymptotically tend to the steady-state
motion corresponding to the maximum of R, for the perturbed values of constants ¢,
[3].

Example 2.1, We consider a heavy rigid body with one fixed point, whose posi~
tion in an inertial coordinate system is determined by the Euler angles 0, ¢, ¥. Assum-
ing that the body's center of gravity is located on one of its principal inertial axes, say,
the z -axis, we write the Lagrange equation as

L®, ¢,86,0,%) =1, [4A sin0sin ¢ -0 cos ¢ -+ B} sinB cosp —
9" sin @) +-C (@ + ¢ cos0)?] — PaysinBsing

where 4, B, € are the principal moments of inertia, P is the weight, z, is the coor-
dinate on the body's center of gravity. Equations (1.1) with Q; = 0 have first integrals
(1.3) corresponding to the ignorable coordinate ¥ and admit of a particular solution of
form (1.4

-9 0=9=n2 0=¢=0 ¢ =0 (=A40) (2.10)
describing the permanent rotation with arbitrary angular velocity around a vertically
located z-axis, By analyzing the reduced system A it is easy to establish [4] that mo-
tion (2, 10) is stable with respect to 0, ¢, 8°, ", ¢ if the conditions

2
@ =5 (A—C) — Pro = (A —C) & — Pzo>0
2
=%(A"B)—‘P1‘0=(A-B)m’—Pxo>0

are fulfilled and is unstable if ¢ <0, 5> 0 or ¢ >0, b < 0. However,if a <70, b <0,
then by the Kelvin-Chetaev theorems stabilization is possible by forces gyroscopic in
the variables 6" and @  which, however, is destroyed by dissipative forces depending on
0" and ¢".
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Suppose now that besides the force of gravity the body is also acted upon by gyroscopic
forces of form (1. 6) and (2. 1)

1 = k sin @ (@" -}-¢" cos ), g = ~— k(6" sin ¢ — ¢ sin 6 cos @) (2.11)
d
Qs=—k d-t(sin 0 sin @)

corresponding to the variables ¢, = @, g, = ¢, g3 = +, where k- const. Equations (1.1)
with right~hand sides (2. 11) have a first integral of form (2.38)

L/ = — ksinBsing +¢
from which we find
"= [¢— ksin@sing — (4 — B) 0 sin 0 sin ¢ cos ¢ — C ¢’ cos 0] X
[(Asin® g - Becoste — () sin? 6 |- C]-!
The integration constant ¢ == Aw -+ k for motion (2, 10), The Lagrange function (2.5)
for reduced system B is
R®, g, 0, ¢, ¢c)==le{[AB8in?0 - (4 cos® ¢ + Bsin?¢) C cos?9]0°2 4
(A4 sin? ¢ + B cos? @) Ce23in?8 - 2 (¢ — k sin 0 sin @) X
[(4—B)6 sin0Osin ¢ cos @ 4 C¢" cos 8] —
2(A — B)C9'@" sin 0 cos 8 sin @ cos ¢ — (¢ — k sin O sin 9)2} X
[(Asin?@ -} Beostg — C)sin?9 + CJ-1 — PxosinBsin g

The gyroscopic forces (2. 8) are
Q*; = ksin @@, Q% = — ksin ¢f’
By computing the second variation of function R, we find the stability coefficients
for system B

;.1=.~Pxo+c—;—,'ﬁ-[(A—C)(c—k)+Ak)=-on+(A—C)aﬁ+mk

h:—:—-Pxo+c—E;1c-—[(A—-B)(c—k)+Ak]= — Py + (A — B) 0 + ok

Consequently, the inequalities

denty « M>0,  A>0 (2-12)
are sufficient conditions for stability with respect to variables 6, @, 8", @, %" of motion
(2.10) of the rigid body under the force of gravity, However, if

l’l<0’ A,‘>O or x1>0v )"2<0 (2.13)

motion (2, 10) is unstable, Stabilization by forces gyroscopic in the variables 6 and ¢’
is possible if X; < 0,2, < 0,

With dissipative forces depending upon 6 and ¢, stability (instability) is preserved
under conditions (2. 12),(2, 13) ; if the dissipative forces possess total dissipation, then
under their action the perturbed motions with conditions (2. 12) asymptotically tend to
the permanent rotation corresponding to the maximum of R, for a perturbed value of
constant ¢, while stability is destroyed under the conditions A, << 0, A, < 0 . By com~
paring the expressions for A; with the expressions for « and &, wesee that by a suitable
choice of the magnitude and sign of constant # we can satisfy conditions (2, 12) or (2.13)
independently of the signs of a and 5.

8. We consider the influence on the stability of a certain steady-state motion (1. 4)
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of the forces

n
. a
Qi= ZgiJQ3 ——a-;f;-"*"F{ (i:i,...,n) (3.1}
=1

being superpositions of gyroscopic forces (1. 6), of dissipative forces — dq/dq,", namely,
the derivatives of the dissipative nonnegative Rayleigh function

29(¢) = D) Buti't;/ (B = Bj = const) .

=1
and of forces F,, constant in magnitude and direction, determined by the equations

n n
D @0 — D Bufa’ +Fi=0 (=1...,n (3.2
a==k4-1 a=k+1
In the considered steady motion the application of constant forces F; to the system in
addition to gyroscopic and dissipative forces is sufficient [5] for balancing the dissipative
and, when conditions (2. 2) are not satisfied, also the gyroscopic forces.
We examine simultaneously both classes of gyroscopic forces (1. 6); the special class

when conditions (2. 1) are satisfied, as well as the more general one when the conditions

gﬁsb":afﬁfBQS”*_g;S? g;8=_g:a (3:1’-*'73:1“:"5“}‘1:"':”)’
are fulfilled, assuming only the satisfaction of the conditions
(0fal0gs)o = 0, gia = const (i=1,...,n) (3.9

Equations (1. 1) with right-hand sides (3. 1) do not have integrals of form (1. 8) or (2.3),
nor an energy integral if @ (¢°) 5= 0 ; however, they do admit of the energy equation
ki

d . .
—dl—f—= 2 Figi —20(q) (3.5)
i=1

Instead of variables g, ,under conditions (1.2) and with the generalized forces ), in-
dependent of the ignorable coordinates, it is expedient to examine the variables

Po = 0LI0gy" — fo (@) (2=k-+1,...,n) (3.6)

In the case of the general class of forces (1, 6), when the conditions g;. = g},= const
are satisfied, we should set f, (g,) = 0 in equalities (3. 6) and in those obtained with
their aid, By solving Eqgs. (3. 6) relative to g,’, we obtain equalities of form (2.4),in
which,asin the preceding formulas,we should merely replace the constants €, by the vari-
ables Pq, doing which we represent the system's energy as
k n
H(q,,q,,Pe) = Ry — Ry = % D) aiece + 3‘— D bus(Patfa) (et fo) =T
ij=L «,B=k-41

For steady-state motion (1, 4) the quantities p, = p,, = const. In the perturbed
motion we set

9s = Qs + Zos  Po = Pao T+ Na 3.7

and we represent the energy in a neighborhood of motion (1. 4) as
n

H(qlﬁ + %y, £y Pao + ‘]a) = (H)O + 2 an"ﬂa + H® (15,, xt.v "la) +...
a==k--1
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where H®)z,, Z,’, Ma) is the second variation of the energy, gas’ = — (OR/3Pg)0s
the symbol (a), denotes the value of quantity & on motion (1.4),and the dots denote
terms of the order higher than second in Zy T, 7).

From Eq. (3.5) with due regard to Eqgs, (3.2) and (3. 4) and from the equations for the
variables Pq, obtained from (1. 1) with due regard to (3. 1) and (3, 6), follows the equa-
tion n

d . I
e [H(2) (xss Ly 'y ﬂa) + .. ] = - Z Bz‘jxi Z; {3.8)
1,j=1
in whose right-hand side we can replace the variables x,' by their expressions computed
with equalities (3, 7) accounted for

oo (OB _ OR
T m)o 0p,

By virtue of the general theorems of Liapunov's second method [1, 6], on the basis of Eq,
(3. 8) we obtain the following conclusion on stability.

If the dissipative forces possess total dissipation, then the steady-state motion (1 4)
being examined is asymptotically stable with respect to the variables gy g5, Po (5 =
1,..., ks a =k -+ 1,..., n) when the second variation H® (z,, z,", 1.) of
the system’s energy is a positive definite function of the variables Z,, Z'5, 1)q, and is
unstable when. H®) (z,, 2, , 1) can take negative values for values of ,, Zs T
arbitrarily small in modulus. These same results are valid for dissipative torces with
partial dissipation if the set n

D) Byzi'z =0

ij =1
does not contain other whole motions of the system besides the motion 2, = z," = 0,
1, = 0. If the dissipative forces are absent or possess partial dissipation, while the func-
tion H® (z,, z,’, M) is positive definite, then the steady-state motion (1. 4) is stable
with respect to the variables ¢,, ¢'sy Pa (s =1,..., ks a =k +1,..., n).

Example 3.1. We continue the consideration of Example 2. 1, assuming that in
addition to the gyroscopic forces (2, 11)the dissipative forces, the derivatives of the posi~
tive definite function

20 = X Bya,q; (B =Bj; = coust)
i, §=1
where the ¢; are the Euler angles 8, ¢, P, and constant forces F; = By (i = 1, 2, 3),
also act on the heavy rigid body. For this problem the second variation of energy

2H® (24, &9, 21", 22", M) = Bzt 4 Cra2 +— A n+
[{4 — C) w? + ok — Pxo] 112 4 [(4 — B) @ 4 0k — Pzo] z8®

is positive definite under conditions (2. 12) and is sign variable under conditions (2, 13)
as well as for A, <C 0, A, < 0. Consequently, the permanent rotation (2. 10) of the heavy
rigid body under gyroscopic forces (2, 11) and dissipative forces with total dissipation is
asymptotically stable with respect to the variables 6, ¢, 0, ¢', ¥, if conditions (2.12)
are fulfilled,and is unstable under conditions (2. 13) or when A, < 0, A, < 0. For exam-
ple, the rotation of a Kowalewska top (4 = B = 2C) around the vertical is asymptotic-
ally stable if wk — Pz, > 0 and is unstable if ok — Pz, <0

4, In conclusion, we dwell briefly on the existence of a generalized potential for
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gyroscopic forces (1. 6). If the Lagrange function L contains the terms
n

Li= D a(qn-- ) (4.1)
i=1
linear in the generalized velocities g,’,where the a; (¢;,. . ., ¢y) are assumed to

be differentiable functions, and if the function L,dt is not equal to the total differen-
tial of any function of variables g;, then (see [7], for example) in the Lagrange equations
(1.1) to these terms correspond gyroscopic forces, the derivatives of function L,

d 0L oL, __ At
Oi= = 5, + g, = D8 (=tn (4.2)
Here the coefficients g;; = — g;; are determined by the equalities
gy = 0a;/9q; — 8a;log; (i, j=1,..., n) (4.3)

In particular,if dL,/dg, = 0, then
Bay = — 080/0q,, gap=0 (s=1,...,kia,B=k+1,,..,n)

and n
. dag(q1...q,)
Qa = D) oty = — ——3—% (4.9)
i=1
The reverse statement is valid under definite conditions on the coefficients g;; (gy,. - - »

gn) in expressions (1, 6): the application of gyroscopic forces (1, 6) to the system is equi-
valent to adding a certain function L, of form (4. 1), linear in the generalized velocities
g; . to the Lagrange function L . In fact, for this it is necessary and sufficient that the
forces (1. 6) applied to the system have a generalized force function L,, i.e, could be
represented as the mean parts of equalities (4. 2), but this is possible if and only if the
first-order partial differential Eqs. (4. 3), whose left-hand sides are given functions

815 (9) = — gj; (g), are compatible and have a solution,

The number n (n — 1)/2 of solutions of Eqs. (4. 3) does not equal the number n of
unknown functions @; (g) except when n = 3 ; when n = 2 there is only one equa-
tion and when n >> 3 the number of equations is greater than the number of unknowns
by n (n — 3)/2. For the complete integrability of Eqs. (4. 3) it is necessary and suffici-
ent that they be compatible. Assuming that the given functions g;; () are of class
C1, while the unknown functions a; () are of class C?, it is not difficult to obtain the
conditions for the compatibility of Eqs. (4. 3) in the form

08:;/0q, — 08,i/0q, = 08ir/0q; (i, j,r =1,...,n) (4.95)

When conditions (4. 5) are fulfilled the gyroscopic forces (1. 6) have a generalized force
function of form (4.1). The determination of the functions a; (g) is reduced to ordinary
differential equations [8].

If &i; = — g5 = const ,conditions (4, 5) are always fulfilled and Eqs. (4. 3) have
the solution { n
a;(q) = ——2—2 8idi + ¢ (=1,...,n)

j=1
(c; are arbitrary constants). If the functions g;; = g;; (¢;, . . ., ¢,) do not depend
upon the coordinates g, and if gog = 0 (@, B = k + 1,. .., n), then we can seek
the unknowns a; which also do not depend upon g,. The Egs. (4. 3) for ¢, and the con-
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ditions (4. 5) for their compatibility take, respectively, the form
da, 08,a _ 844

aqs = gsay aqr aqs
and if the functions g, satisfy these conditions, then

(s,r=1,...,ka=k-+1,...,n)

k
a’“(Qlt"'qu) :SZ gia.dq-i"{"ca (a=k-+4+1,...,n0) (4. 6)
i=1

We note that in this case the gyroscopic forces (), have the form (4.4). Thus, for forces
(4. 4) have the generalized force function

n

L, = Z Ga(dr, -3 qk) Qe
a=K41
Comparing expressions (4, 4) with (1, 6) and (2. 1), we see that a, =—f,-+const, which,
by the way, is reflected in the form of function (2. 5).
Example 4.1, Forthe gyroscopic forces (2.11) of Example 2.1

gy = ksin @, g1 = k cos O sin @, g3 = k 8in O cos ¢
The function a4 (8, @) is found by formula (4. 6)
as (8, ) = S(g,, d0 + g dg) = ksinBsin @ +¢

There is only one Eq, (4.3) with i = 1 and j = 2 for the functions a; (0, 9) (i = 1, 2)
in view of which there is much arbitrariness in their determination. As function a; we
can take, for example, an arbitrary function a; (0, ¢) ; then we find function «, as

da .
ws(0, 9) = | o 40+ K sin g + 12 (@)

Thus, if ¢, = ksin 0 sin ¢ + ¥; (6), then ag (8, @) = k (8 sin ¢ — cos 0 cos @) + %a (@),
where the y; are arbitrary functions,
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